(A!garithms in Everyday Mathematics

What is an algorithm?

An algorithm is a well-defined procedure or set of rules guaranteed to achieve a
certain objective. You use an algorithm every time you follow the directions to
put together a new toy, use a recipe to make cookies, or defrost something in
the microwave,

In mathematics, an algorithm is a specific series of steps that will give you the
correct answer every time. For example, in grade school, you and your classmates
probably learned and memorized a certain algorithm for multiplying. Chances are,
no one knew why it worked, but it did!

In Everyday Mathematics, children first learn to understand the mathematics
behind the problems they solve, Then, quite often, they come up with their own
unique working algorithms that prove that they “get if.” Through this process, they
discover that there is more than one algorithm for computing answers to addition,
gubtraction, multiplication, and division problems. Having children become
comfortable with algorithms is essential to their growth and development as
problem solvers.

How do children learn to use algorithms for computation?

Tdeally, children should develop a variety of computational methods and the
flexibility to choose the procedure that is most appropriate in a given situation.
Everyday Mathematics includes a variety of standard computational algorithms
as well as children’s invented procedures. The program leads children through
three phases as they learn each mathematical operation (addition, subtraction,
multiplication, and division).

Algorithm Invention
In the early phases of learning an operation, children are encouraged to invent their
own methods for solving problems, This approach requires children to focus on the

meaning of the operation, They learn to think and use their common sense as well
as new skills and knowledge. Children who invent their own procedures:

+ learn that their intuitive methods are valid and that mathematics makes sensge,
+ become more proficient with mental arithmetic,

¢ are motivated because they understand their own methods, as opposed to learning
by rote,

¢ become skilled at representing ideas with ohjects, words, pictures, and symbols.
¢ develop persistence and confidence in dealing with challenging problems,
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Alternative Algorithms

After children have had many opportunities to experiment with their own
computational strategies, they are introduced to several algorithms for each
operation. Some of these algorithms may be the same or similar to the methods
children have invented on their own. Others are traditional algorithms which have
commonly been taught in the U.8. or simplifications of those algorithms. And
others are entirely new algorithms that have significant advantages in today’s
technological world,

Children are encouraged to experiment with various algorithms and to become
proficient with at least one.

Demonshrating Pmﬁt:iemy

For each operation, the program designates one alternative algorithm as a “focus”
algorithm, Focus algorithms are powerful, relatively efficient, and easy to
understand and learn, They algo provide common and consistent language,
terminology, and support across grade levels of the curriculum,

All children are expected to learn and demonstrate proficienicy with the focus
algorithm for each operation, Once they can reliably use the focus algorithm,
children may use it or any alternative they prefer when solving problems, The aim
of this approach is to promote flexibility while ensuring that all children know at
least one reliable method for each operation,

Online Resources on Algorithms
For more information on algorithms used in Everyday Mathematics and details
about what resources are available online, see pages 60 and 61,

> Addition Algorithms
The following are just a few of the possible algorithms for adding whole numbers.

Foous Algorithm:

Partial-Sums Addition ( Example: Partial-Sums Addition

You can add two numbers by . izﬁ
calculating partial sums, working Add the hundreds (200 -+ 400). 600
one place-value column at a time, Add the tens (60 + BO). 140
and then adding all the sums to Add the ones (8 + 3). + 11
find the total. Add the partisl sums (600 + 140 + 11). 751
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Column Addition

To add using the column-
addition algorithm, draw
vertical lines to separate the
ones, tens, hundreds, and so
on, Add the digits in each
column, and then adjust

the resulis,

Opposite-Change Rule

If you add a mumber {0 one part of 2 sum
and subtract the same number from the
other part, the result remains the same,

For example, consider:

847 =16

Now add 2 to the 8, and subtract 2 from the 7
B+2D4+T~2=10+5=15

This idea can be used to rename the
numbers being added so that one of them

ends in zeros,
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p
Example: Column Addition

hundreds | tens |ones
Add the digits In each column, 2 6 8
+ 4 8 3
6| 14 |11
hundreds | tens |ones
Since 14 tens Is 1 hundred plus 2| 6 | 8
4 tens, add 1 1o the hundreds + 4 g8 | 3
column, and change the number w 4 |11
in the tens column 1o 4.
Since 11 ones is 1 ten plus hundreds | tens |ones
1 one, add 1 fo the fens column, o 6 8
and change the number in the
+ 4 8 3
ones colpmn to 1. - 5 p

the secont.

the first.

+ 483

Add 2.
268 77 ™ 2707 A 500

Subtract 2.

Subtract 7.

Rename the first number and then

Add 30.

p
Example: Opposite-Change Rule

+ 490

ES

761

Subiract 30,

Rename the second number and then

Subtract 10.
268 <7 A 261 <7 R 251

500

N N
Add 7.

Add 10.
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U.8. Traditional Addition
Using this algorithm, add one
place-value column at a time.
If the sum is two digits, write
one of the digits above the
addends; this is sometimes
called “carrying.”

Subtraction Algorithms

4

Example: U.S. Traditional Addition

This section presents several subtraction algorithms,

Focus Algorithem

Trade-First Sublraction

This algorithm is similar to

the traditional U.S. algorithm
except that all the trading is
done before the subtraction,
allowing children fo concentrate
on one thing at a time,

Start with the 1s. Write 2&3
1 iIn the 1s place beiow + 483
the line and 1 above the —y
numbaers in the 108 place.
Add the 10s. Wrlte 5 in éés
the 10s place below the + 483
ling and 1 above the numbers T
ir the 1003 place.
Then add the 100s. Write 7 in é é 8
the 100s place below the fineg. + 483
781
",
4 ‘
Example; Trade-First Subtraction
hundreds | tens |ones
Look at the 1s place. You cannot 8| 8 2
remove § ones from 2 ones, — 3 8 6
hundreds | tens \ones
8o trade 1 ten for 10 ones. Now 2 |12
took at the 108 place. You cannot 8| & | &
remove 5 tens from 2 tens. -3 8 | 6
hundreds  tens ones
12
S0 trade 1 hundred for 10 tens. 8| £ |12
Now subiract in each column, L A
-3 8 | 8
& 7 6
S
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Counting Up

To subtract using the
counting-up algorithm,
gtart with the number you
are subtracting (the
gubtrahend), and “count
up” to the number you are
gubtracting from (the
minuend) in stages, Keep
track of the amounts

you count up at each
gtage. When you are
finished, find the sum

of the amounts,

Example: Counting Up
To find 832 — 856, start with 8566 and count up to 982.

356

> Add 4 1o count up to the nearest ten.

360 &
Add 40 to count up 1o the nearest hundred,

AQQ £

800
> Add 32 1o count up o 932.
482 =

Now find the sum of the numbers vou added.
4
4
500
+ 32
878
8o, 932 — 356 = 576,

> Add 800 to count up to the largest possibie 100,

Pariiai-Differences Sublracition
The partial-differences subtraction
algorithm is a fairly unusual method,
but one that appeals to some children,

The procedure is fairly simple: Write
partial differences for each place, record
them, and then add them to find the total
difference. Sometimes some of the partial
differences may be negative,
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Example: Partial-Differences
Subtraction

Bubtract 1008, 900 ~ 800
Hubtract 10s. 30 ~ B0

Subtract 1s. 28
Add the partial differences.

932
-~ G456
600

~ 20

576
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U.8. Traditional Subtraction , . _ )
To subtract using this Example: U.S. Traditional Subtraction
algorithm, start with the 1s. Start with the 1s. Regroup. 212
Regroup as necessary and then Trade 1 ten for 10 ones. g@g
subtract the 1s, Children move Subtract the 15, - 5
from right to left as they
regroup and subtract in each 12
colngmxf Go 1o the 103, Regroup. %;23}52
’ Trade 1 hundred for 10 tens, — 356
Bubtract the 10s. 76
12
8ziz
auz
Go to the 100s. You don't need — 386
0 regroup. Subtract the 100s. 878
v
> Multiplication Algorithms
Children’s experiences with addition and subtraction algorithms can help them
with multiplication algorithms, such as the partial-product multiplication
algorithm, This algorithm and others are discussed in this section,
Focus Algorithnm: Partial Products 4 . ‘
To use the partial-products algorithm, Example: Partial Products
think of each factor as the sum of ones To find 67 x 83, think 0o 87 as 60 + 7 and
, ' T " ’ 53 as 80 + 3. Multiply each part of 67
tens, hundreds, and so on. Then mi tiply by each part of 53. Then add the results.
each part of one sum by each part of the &7
other, and add the results. x 53
BO x 80 — 3000
Rectangular arrays can be used to BOX7— 350
demonstrate visually how the partial- 33:& Gf; - ?gff
products algorithm works. The product o doen
14 x 23 ig the number of dofs in a ' Add the results. 3,561
14-by-23 array. A

=
X
8
B

{10+ 4) X (20 + 3)

{10 X 20) + {10 x 3) + (4 X 20) + (4 x 8}
200 430 + 80 + 12

= 322

#

i
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Modified Repeated Addition

/ * e 3 Y R4

Many children are taught to think of ﬁxamﬂfef Modified f{af)eaﬁ&t‘f Addition

y R , Think of 53 x 87 as &7
Whﬂie nmbeﬁr .muitzpimaf;lon a5 fifty 67s plus three 67s. x B3
repeated addition, However, using Since ten 67 is 670, 670
repeated addition as a computation fifty 67s is five 670s. 870
method is inefficient for anything but o7 e 6870
small numbers, For example, it would 8o, 83 x 67 s five 6708 670

. plug three 678, 870

be extremely tedious to add fifty-4three &7
67s in order to compute 67 X 53. 67
Using a modified repeated addition %& :
algorithm, in which multiples of 10, N
100, and so on, are grouped together,
can simplify the process,

Lattice Multiplication
The following example shows how the method is used to find 67 x 53,

4 . o
Example: Lattice Multiplication 6 7
Follow these steps o find 67 x 83, 5

» Draw a 2-by-2 lattice, and write one factor along the top of the lattice and the .
other glong the right. {Use a iarger fattice to mulliply numbers with more digits.) 7

» Draw dingonals from the upper-right comer of each box, extending beyond
the lattice.

« Muttiply each digh in one factor by each digit in the other. Write each product
in the cell where the corresponding row and column meet. Write the tens digit - m
of the product above the diagonal and the ones digh below the diagonal. For 3 .18
axample, since 5 x 5 = 30, wiite 30 in the upper-lel box with the 3 above the R N I
diagonal and the 0 below. -

« Starting with the lower-right diagonal, add the numbers Inside the lattice along
sach diagonal. if the sum along & diagonal is greater than 9, carry the tens digit
10 the next diagonal.

The first diagonal containg only 1, so the stam is 1. The sum on the second 6 7
diagonatis 8 + 2 + 8 = 15. Write only the §, and carny the 1 to the next :
column. The sum along the third disgonal s then 1 + 3 + 0 4+ 1, or 8, The ol s
surm on the fourth diagonal is 3.

« Read the product from the upper left to the lower right. The productis 3,651, | 1 2 3

@
L@
“
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U.8. Teaditional Multipticafion

Multiply from right to left using this algorithm, Writing a 2 above the tens
place as shown below is called “carrying” the 2, The numbers that are carried
are called “carries.”

/ - b + * +
Example: U.S. Traditional Multiplication &
% B8
Multiply 87 by the 3 in 83 as if the problem were 3 x §7. 201
2
2
Multiply 67 by the 5 in 83 as If the problem were 8 x 87. The § in 88 57
stands for 5 tens, so wiite this partial product one place to the left. Wrlte a x 53
0 in the 15 place to show you are multiplying by tens. Write the new carries 201
above the ol carries, 5900
8
Add the two partial products to get the final angwer, gg}
R D
201
+ 3380
3,581

Division Algorithms

One type of division situation involves making as many equal-size groups as
possible from a collection of objects. More generally, ¢ + b can be interpreted

as “How many bs are in ¢?” This idea forms the bagis for the division algorithms
presented in this section.

Focus Algorithny Partial Quotients
This algorithm uses a geries of estimates of how many bs are in a.

4 . .
Example: Partial Quotients

Estimate the number of 12s in 158,
You might begin with multiples of 10 because they are

simple o work with, There are at least ten 12¢ in 168 12168
(10 x 12 = 120), but there are fewer than twenty 125 ~120 10 first guess
{20 x 12 = 240). Record 10 as a first estimate, and 38
subtract ten 12s from 158, leaving 38. ~36 3 second guess
2 13 sum of guesses
Now estimate the number of 12s in 38. 158 + 12 ~» 13R2

There are more than three (3 x 12 = 36) but fewer than
four (4 x 12 = 48). Record 3 as the next estimate, and
subiract three 12s from 38, leaving 2.

Since 2 is less than 12, you can stop estimating. The
final result is the sum of the estimates (10 + 8 = 13}
plus what is left over (the remainder of 2).
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Column Bivision
Column division is a simplification of the fraditional long division algorithm you
probably learned in school, but it is easier to learn, To use the method, you draw

vertical lines separating the digits of the divisor and work one place-value column
at a time,

p
Example: Column Division

To find 683 + 8, imagine sharing $683 arnong 8 people. Think abowt
having 6 hundred-doliar bills, 8 ten-doliar bills, and 3 one-dollar hilis.

1
Firgt, divide up the hundred-doligr bills, Each person gets one, and there 6)6 8 4
is one left over. ;—?
1 ]
Trade the lefiover hundred-cdoliar bilt for 10 ten-doliar bils. Now you 56 & 3
have a totat of 18 ten-dotlar bills. Bach person gets §, and there are 8 18
3 feft over. A | —18
3
1 3 &
Trade the 3 leftover ten-dollar bills for 30 one-dollar bills. You now have )8 A &
a total of 39 one-doliar bills. Each person gels 8, and there are 8 18 33
3 left over, A | =18 | —-80
A 3
$o, when you divide $882 among 5 people, each person gels $1386, and
there are $3 left over. 80,683 + 5 — 186 R3.
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4.8, Traditional Long Division

This algorithm is similar to column division. To use this method,
write the divisor to the left of the dividend. The quotient will go

on top of the dividend.

Example: U.S, Traditional Long Division
To beghn, think about sharing $683 among 5 people.

Share the [$100]s.

Trade 1 [$100s for 10 [$10]s.
That makes 18 [$10%s in all.

Share the [$10ls.

Trade 3 [$10]s for 30 [$1ls.
That makes 88 $1ls b all,

Share the [$15s.

Each person gets $136; $8 is left over.
683 + 5 — {38 R3

13
57683

18
-~ 18

13
81683

18
-~ 16
X

136
57683

18
—~18

38

-~ 30
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